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Abstract 

In this paper we consider the Euler-Bernoulli equation coupled by the interface with a wave 
equation and with a boundary damping. The dissipation is acting through the Euler-Bernoulli 
equation by a force and a moment feedback. We show that in this case, through the Carleman 
estimates technique that the coupled system is at least logarithmically stable as the time variable 
goes to infinity. The result follow from the combination of two Carleman estimates: The first is 
gived for a classical transmission problem while the second one is dedicated to a coupled system 
where the states are linked on the board. 
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1 Introduction and statment of results 

Let f2 = Hi U O2, be an open bounded domain in R" such that f2i and Q 2 are two disjoint open 
connected domains with smooth boundary and verifying that Hi n H2 = S, d£li = S U Ti and 
dtt 2 = SUT 2 where S ^ 0, Ti ^ and T 2 ^ such that Snr~i = and SnT 2 = (See Figured]). 




r 2 



Figure 1: Geometrical situation of the transmission Plate/ Wave equations. 
We Consider the following transmission Plate/ Wave system 
dfu! + A 2 m = 



(1.1) 



d 2 u 2 - A« 2 = 
ui + u 2 — 
d v Aui = d v u 2 
Am = 

A«i = —adtd v u\ 
<9„A«i = bdtui 
u 2 = 

1x1(2, 0) = u1(x), d t ui(x, 0) = u{(x) 
u 2 (x, 0) = u 2 (x), d t u 2 (x, 0) = u\(x) 



111 
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fiix]0, +00 [, 

n 2 x}o,+oo[, 

on gx]0,+oo[, 

on Sx]0, +oo[, 

on S'xjOj+oof, 

on rix]0,+oo[, 

on rix]0,+oo[, 

on r 2 x]0,+oo[, 

o 2 . 
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Where v denotes the outward normal vector of ill in Ti and S and of Q 2 in T2 only; and a and b 
are two non negative bounded functions on Ti such that there exists a strictly positive constant Co 
verifying 



(1.2) 



a > cq and b > cq on Ti. 



We define the energy of a solution 



of the system ()1.1|) at the time t > by 



ui in Oi 
U2 in fl 2 



|9 t Mi(a;,<)| 2 + |Aui(x,£)| 2 d2: + 
By means of the classical energy method, we have 



E{t 2 ,u) -E(h,u) 



a\d l/ dtUi(x,t)\ 2 dx dt 



\d t u 2 (x,t)\ 2 + \Vu 2 {x,t)\ 2 dx 



b\d t ui{x,t)\ 2 dxdt, Vt ll t 2 >0, 
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this means that the energy dissipates over time and in this paper we are going to measure this 
dissipation rate. 

We define the Hilbert space % = X x H where H = L 2 (Qi) x L 2 (Q 2 ) and 

X = |u = (ui,u 2 ) £ Y; ui e H 2 (ili), u ± | S + u 2 \s = 0, u 2 |r 2 = 0, 

J u\.d u ui&x + J U\.d v U\dx = o|, 

with Y = L 2 (tti) x i7 1 (J7 2 )- The space H is equipped with the norm 

\\{u,v)\\ 2 H = ||Aui||i a(no + ||Vu 2 ||| 2(a2) + |H||2 (Ul) + H^lli^n,), 
where we denote by 



Ui in fli . [ t)i in fii 

and w = <^ . 
U2 m \l 2 v 2 m \l 2 . 



We define the operator 



A = 



Id 

Id 

-A 2 

A 



whose domain is gived by 



ViA) = {(u,v) = (ui,u 2 ,vi,v 2 ) e H : (i>i,i>2, A 2 ui, Am 2 ) G d v Aui\ s = d u u 2 \s, 

A«i|s = 0, Aui| Fl = -a^Uiirn 9vAiti| ri = JwiirJ- 

Our main result is the following 

Theorem 1.1 For any k S N £/iere exists a constant C > smc/i t/iai /or anj/ initial data (u , u 1 ) = 
(uq, Ui, Uq, u\) £ T>(A k ) the solution u{x,i) of starting from {u® ,u v ) satisfying 

E{t ' u) ~ (ln(2 + t)r ll(M °' Ml)l1 ^)- 

This theorem is resulting, by Burq's [Bur98j, from the resolvent estimate gived by the following 
theorem 

Theorem 1.2 There exists C > such that for every /j£l with \fj.\ large, we have 

||(X- t >Id)- 1 || jC( „ ) <Ce c l"l. 

Several authors are intersted to the decay rate of energy for transmission problems: 

• For transmission wave equation with diffusion coefficient, Bellassoued |Bel03| proved that the 
local energy decreasing logarithmically by the means of Carleman estimates. 

• For a hyperbolic-parbolic coupled systems arising in fluide structure interaction, It's proved, 
under geometric control conditions, by Rauch, Zhang and Zuazua |RZZ05| . Zhang and Zuazua 
in |ZZ06| and |ZZ07| and by Duyckaerts |Duy07| that we have a polynomial decay of a solution 
and they proved also the lack of uniform decay of enregy. Without the geometric control con- 
dition it was proved that the energy is deceasing logarithmically by Zhang and Zuazua [ZZ06j 
by means of logarithmic observability estimate, and by Duyckaerts |Duy07| by the means of 
Carleman estimates both for non-natural transmission condition, and by Fathallah [Fatllj for 
natural transmission condition by the means of Carleman estimates. 

• For the Bernoulli-Euler plate equation Ammari and Vodev |AV09| proved that the uniform 
decay of solution, and for different geometric domain with force and moment Hassine |Hasl3| 
proved a logarithmic decay of energy by the means of Carleman estimates. 
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Tibou |Tebl2) has interested to the coupled Euler-Bernoulli and wave equations without trans- 
mission and he proved the polynomial decay of energy by the means of multiplier method, for two 
models whose the first is where the dissipation acts through the Euler-Bernoulli equation and the sec- 
ond one is acting through the wave equation. For a transmission model, Ammari and Nicaise |AN10| 
have proved, under some geometric condition, an exponential stabilization for a coupled damped 
wave equation with a damped Kirchhoff plate equation. 

In this paper we will prove that a solution of the system (jl.ip is decreasing at least logarithmically 
along the time. Inspired from [H as 13] . to prove the resolvent estimate gived in Theorem 11.21 we 
will combine two suitable Carleman estimates whose the first is applyed to a system of second ordre 
with transmission conditions and the second one is applyed to a system of second order also in fl± 
with two operators and two states linked by boundary conditions at the interface S. 

The outline of this paper is as follows: In section [5] we prove the well-posedness of the prob- 
lem (|1.1[) , in section [3] we will introduce the local Carleman estimates, in section [4] we give the global 
Carleman estimates and we construct a suitable weight functions that satisfying the Hormander's 
assumption, in section [5] we prove the resolvent estimate and finally in Appendix [A] we will give 
same notations and some important results of microlocal analysis used essentially in section [3] 

In these notes C will always be a generic positive constant whose value may be different from 
one line to another, and where the constant depends on a number of variables is denoted indexed 
by them. 



2 Existence and uniquness of solution 



In this section we will prove the Well-posedness of the problem f|l . 1(1 through the semi-classical 
analysis. The system (|1.1|) can be writen in the abstract form as a Cauchy problem as follows 



u 2 
\v 2 

( \ 

u 2 

{ V v 2 J 



(t,x) = A 



u 2 

Vl 
V «2 J 



(t,x) if (t,x) e]0,+oo[xf2, 



if x G Vl, 



where we recall that the operator A is defined by 



A = 









Id 














Id 


-A 2 














A 









with domain 

V{A) = {(u,v) = (ui,u 2 ,v 1 ,v 2 ) e H : (ui, v 2 , A 2 ui, Au 2 ) G H, d v Au!\ s = 9 v u 2 \ s , 

Aiti| S = 0,Aui|r, = -ad v v-i\ T ^ d u Aui\ Tx = bvi\ Tx }. 

In the space Y — L 2 (Vli) x H 1 (fl 2 ) we define the operator G as follows 



Gu = G 



(to 



-Aui 

"2 



with domain 



D{G) = A = |u = (tn.ua) £Y;ui£ H 2 (fli), u x \ S + u 2 



0, u 2] 



0, 



J ui.d v Ui&x + J ui.d v Uidx = o|, 
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We define a norm in the space X by 

Nix = ||(«i,«a)||x = ||Aui||i a(ni) + ||Vu3||i a(na ). 
and we recall the graph norm of G is gived by 

IMIgr(G) = Klll^fiO + l|Aui||i a(ni) + ||«a||i a(na ) + HVualli^n,)- 



Lemma 2.1 (X, \\ . \\x) is a Hilbert space with a norm equivalent to the graph norm of G. 
Proof : 

It is easy to show that by Green's formula and Poincare inequality to show that there exists C > 
such that for every u = (tti, 112) 6 I we have 

(Gu lU ) Y = ||Vui||£ a(ni) + ||u2||i» (na) + ||Vu 2 ||£ 2( n 2 ) > C(\\ Ul \\l 2{ni) + Hualli^n,) + \\^u 2 \\h(n 2 ))- 
Then G is a strictly positive operator in Y and for every u = (ui, U2) G X we have 

N|x-Nk > C||G«||y.||«||y > C(Gu,u) H > C\\u\\ 2 Y , 
which prove the equivalence the two norms. 

Since G is positive then by |TW091 Proposition 3.3.5] — G is m-dissipatif in particular G is a closed 
operator, and this conclude the proof while (X, |j . || gr (G)) is now a Hilbert space. ■ 

Remarks 2.1 1. The two norms \\ . Wh 2 ^) + ||V. ||L 2 (f2 2 ) and II ■ \\x are equivalent in X , in fact 
(X, || . ||ff2(f2i) + ||V. || i 2 (J2 2 ) ) * s a Hilbert space while X is a closed subset of H 2 {Qi) x H 1 (il2) 
and we have 

\\u\\x < C(\\ui ||j?2( ni ) + ||it 2 ||jji(n 2 )), Vit = (u 1 ,u 2 ) G X, 

then by Banach theorem \EMT04\ p. 132] we obtain easly the result. 

2. By combination of Lemma \2.1\ and the previous remark we follow that X is also a Hilbert space 
with the norm 

II • ||gr(G) + I|a5<9„ . || L 2 (ri) + \\bi . || L 2 (ri) . 

Theorem 2.1 The operator A is m-dissipative and especially it generates a strongly semigroup of 
contraction in %. 

Proof : 

According to Lumer-Phillips theorem (see for exemple [TW09, p. 103]) we have only to prove that 
A is m-dissipative. 

Let (it, v) G T>(A) then by Green's formula we have 

Re \ (")'(")) = Re (^ Aui ' Aui )^ 2 (ni) - (A 2 ui, wi) L2(ni) + (Aii 2 , v 2 ) L 2 { a 2) 

+ (Vv 2 ,Vu 2 ) L 2 in2) ^ = -(\\a^d v vi\\ 2 LHTi) + ||6s«i||i a(r0 ) < 0. 
This shows that A is dissipative. 

Let now (/, g) G W and let's find a quadruplet (iti, ita, i>i, i>a) G T)(A) such that 



(Id - A) 



1 


til ^ 




( 


111 






( M 




u 2 






"2 


- v 2 




h 




Vl 






Vl 


+ A 2 Ul 




91 


\ 


v 2 ) 




\ 


v 2 


~Au 2 J 




\ 92 J 
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then we find that (m, m, Ui, i> 2 ) satisfy to the following system 

vi = m - fi in 

v 2 = u 2 - /2 in ^2 

u\ + A 2 «i = /1 + .91 in Qi 

w 2 - Au 2 = /2 + .92 in fi 2 . 

From the second point of Remarks 12.11 and the Riesz representation theorem, there exists a unique 
u 6 X = T>(G) such that for all 93 = (931, <p 2 ) G X we have 

(2.1) 

(/1 +5i J ¥'i)i 2 (ni) + (/2 + .92,<^2)l2(o 2 ) + (ad v f 1,8^2}^^!) + (bfi,yi)L,*(T{) = (ux,<Pi)l^(q 1 )+ 
(Ami, A^i) L 2 (0l) + (u 2 , <^2)L 2 (n 2 ) + (Vw 2 , V^2)L 2 (n 2 ) + (ad^m^^cpx)^^) + (fan, ^i) L 2 (ri) . 

Then by Green's formula we obtain 

</i + 3i - A 2 ui - m, <pi)£2( ni ) + (/2 + .92 + Am 2 - u 2 , <^ 2 )l2 (02) = (Ami, 9 !y ( < 5i) L 2 ( 5) + 

(<%u 2 - d u Aui,ipi)L2(s) + (Am + a(d v ui - d v fx),d v tpx)L^{r x ) + - /1) - <9„Aui, ^i)i=(ri)- 

In particular for (<p 1 ,(^ 2 ) € ^"(fii) x < ^ c 00 (r2 2 ) we have 

(/l + .91 - A 2 ui - Ui,(pi) L 2( Ql ) + (f 2 + g-2 + Au 2 - u 2 , <P2)l 2 (si 2 ) = 

then we find 



(2.2) 



u 1 +A 2 u 1 =f 1 + g 1 inL 2 (fJi) 
u 2 - Au 2 = f 2 + g 2 in L 2 (f2 2 )- 



Then by fl2J]) and (]2J]) and ([22]) we obtain 

(Am, d v (px) L 2( S ) + (d v ui - d v Aui,<pi) L *(s) + (Am + a(d v m - d v fx), cWi) L 2 (ri) 

+(b(m - h) - 3„Aiii,^i) £ 2 (ri) = 

and this show the following equalities 

Am \s = 0) d v Am \s = 9 v u 2 \ S , 

and also 

Aui| ri = -o(9„u 1 |r 1 -9i//i|rJ = -ad v v 1 \ Tl 
d v Am \t x = b ( u i \r t ~ fi \tJ = b vx | Fl . 

And this give end to our proof. ■ 

One consequence of this last result is that if we assume that (uq,vq) S T>(A), there exists a 
unique solution of which can be expressed by means of a semigroup on % as follows 

(2-3) (»..)=e tAfV ° 



where e* -4 is the semigroupe of the operator A. And we have the following regularity of the solution 



u Qtu ) eC([0,+»[,^))nC 1 ([0,+ M [,H). 



And if (uq, vq) & H, the function u(t) given by (|2.3p is the mild solution of (jl.ip . 
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3 Local Carleman estimate in the surface 

Let u = (u\,U2) and / = (/i,/2) satisfying the following equations 



(3.1) 



{ A 1 {x,D)(u 1 )=f 1 infii 

A 2 (x,D)(u 2 ) = h in0 2 

u\ = U2 + on S 

d v U\ = d v u 2 + 9 on S 



where Ai(x,D) and A2(x,D) defined one differential operator with C^-coefficients gived by 

A\(x, D)(ui) = — Au\ in Qi 



A(x,D) = 



A 2 (x, D)(u 2 ) = -Am 2 - -^ru 2 in f2 2 



with h is a small pseudo-differential parameter. This mean that the continuity of u at the interface, 
as well as the continuity of the normal flux, is modulo some error terms 6 and 6 respectively. The 
aim of this section is to find a local Carleman estimate near the interface for a such problem. 

3.1 Reduction of the problem 

In a neighborhood V of a point z — (z' , z n ) 6 S, we denote by x n the variable that is normal to 
the interface and by x' the remainding variables, i.e x = (x',x n ) in particular z = (z',0). The 
interface is given now by S = {x n = 0}. In a sufficient small neighborhood V C K™ of z we place 
our selves in normal geodesic coordinates. For convience, we shall take the neighborhood V of the 
form V = V z i x] — e, e[ where V z > is a sufficient small neighborhood of z'. In such coordinate system 
the operator A take the following form |Hor85l Appendix C] on both side of the interface 



A(x,D) := 



A 1 {x,D):=-d% n +Ri(x,d x ,/i) x n > 

1 



A 2 (x,D):=-d*+R2(x,d x ,/i)--2 x n <0 



where 



Ri(x,C) x n >0 

R2{x,t') X n <0 



rx(x,£') x n > 
r 2 (x,£') x n < 



is a second ordre polynomial in £' with coefficients in R with principal symbol 

r(x,0 

that satisfy 
(3.2) 



rx(x,e) >C\e\ 2 V(x',x„) 6^x]0,e[,Ve' GM"- 1 
r 2 {x,e) > CW\ 2 V(x',x n ) g V z> x] - e ,0[, G R"" 1 . 

Follow to |RR10| we set 

W n _ = {x: x n <0}, Rl = {x : x n > 0}, V~ = V fl M™ , F + = ynl". 

For a compact set A' of V we set if^A'nr and K+ = K nWf. We then denote by tf™(K + ) 
(resp. < ^ c °°(i ; i' _ )) the space of functions that are < ^' 00 in E™ (resp. K") with support in K + (resp. 
K-). 

We let </? = (ipi, <p2) a weight function and we define in both side of S the adjoint operator 

A v = h 2 e^ h Ae~^ h 
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with principal symbol 

( ft — I ^+i{d Xn ipi)) 2 +r 1 (x,^ 1 + i(d X 'ipi)) x n > 
^ n +i(d Xnl p 2 )) 2 +r 2 (x,e + z(d xll p 2 ))-l x n <0. 

Assumption 3.1 The weight function ip is in c <o{V) and (p^r £ < To 00 (V ± ) and satisfies 

1. \Vip\{x) > inV. 

( {d XnVl )(x',0) > and {d Xn <p 2 )(x',0) > Oj. 

2. ^ (a K „^ 1 )(x' ) 0)-(S :CB ^ 2 )(a:',0)>0 for all x' € V z , . 
{ (d Xn9l ) 2 (x' ,0) - (fl^JV ,0) > 1 

5. 77ie sub-ellipticity condition: 

(3.3) V (s, e F x R"; a v (x, £) = => {Re(a v ), Im(a v )}(x, £) > 0. 

We set 

r_(fi m^nfii 
; ~ \ / 2 in 7nfl 2 , 

then from the assumptions made on the weight function ip we shall obtain the following local 
Carleman estimate. 

Theorem 3.1 Let K be a compact subset ofV and ip a weight function satisfying Assumvtion \3.1[ 
then there exist C > and h$ > such that 

fclle^ulljj + h 3 \\e^ h \7u\\l + h\e^ h u\ Xn=0 \ 2 + h 3 \c^ h V x ,u lXn=0 \ 2 + h 3 \e^ h d Xn u\ Xn=0 \ 2 

< C{h%v/ h f\\l + h^/'^H + h 3 \e v ' h \7 x ,6\l + h 3 \e v/h 6\ 2 ) 

for all < h < ho, u and f satisfying (|3.1j) where u^w G ^^(K^). 
Proof : 

We choose \ + , \~ an< i X° with values in [0, 1] that satisfy the properties listed in Proposition 13.21 
Proposition 13.31 and Proposition 13.41 respectively such that x + + X~ + X° = 1 m a neighborhood of 
K x W l . For v = e*/' l M and since x + + X~ + X° = 1 m the neighborhood of supp(w) we have 

\{Dx n v)\ Xn = \o < \op t (x + )(D Xn v)\ Xn = \ + \op t (x~)(D Xn v)\x n =o\o + \op t (x Q )(D Xn v)i Xn=0 \o 

< \v\ Xn=0 \i < \op t (x + )v\x n =o\i + \op t (x~)v\ Xn=0 \i + |op t (x°)w| x „ =0 |i + C7i|<U| x „ =u |i 

. Hi < l|o Pt (x + )«Hi + \\op t (x-)v\\i + ||op t (x>||i + Cft||i;||i. 

Thus if we apply Proposition 13.21 Proposition 13.31 and Proposition 13.41 respectively to the functions 
X +v > X~ v an d X° v we obtain for h sufficiently small 

(3.4) h\\v\\l + h\v ]Xn=0 \\ + h\(D Xn v) lXn = \ 2 < C(\\P v v\\ 2 + h\9 v \ 2 + h\6 v \l). 

Observing now that 

/ \\e*/ h D Xj u\\ < \\D Xj v\\ + ||(^*)e*/ fc «|| 

\ \e*/ h (D XjU ) [Xn = \ < \(D Xj v) lXn=0 \ + \(d Xj $)e*/ h ti\ Xn=o \ 

then the result can be achieved by Q3.4p with recalling the forms of V and 9 V in (|3.8|l . ■ 

1 This condition is not necessary as we will see in the sequel but it will help us to describe the position of the roots 
of some polynomials, ones relative to each others 
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Follow to [Bel03] we shall consider the transmission problem as a system of two equations in V + 
coupled at the boundary x n = 0. Thus we make the change of variables x n to — x n in V~ . This 
yield the following boundary value problem in V + : 



(3.5) 



f {-d* n +R + (x,d x ,/i))u + = 

{-d 2 Xn +R-(x,d x ,/i))u- - 
u+ =u~ +6 



r 


* n 


> 


h u ~ = r 


% n 


> 


X i, 


= 




•''// 


= 0, 



where for ip defined in V, we set "0 + = ip\v+ an d i>~ = i>\v- i x ' > ~ x n) for x n > and R~(x, d x > /i) = 
R(x',—x n ,d x '/i) and R + (x,d x >/i) = R(x,d x >/i) for x„ > 0. From that the second point in As- 
sumption will be 

!(^x„^ + )|^„=o > ; (d Xn <p-)\ Xn=0 < 
(0x„V + )jx n =O + (dxn<P~)]x n =0 > 
a^ + )t=o-a„¥'-)t„=o> 1 - 

However the fourth point is preserved since {Re(a v ), Im^a^)} is invariant under a change of variables 
(see |Hor631 p. 186]). We set the operator 



-d Xn +R+(x,d x ,/i) 



-d£ n +R-(x,d x >/i)-h 

. fr+(x.O 

^+r-(x.O-'»- a 



with pricipal symbol 

'^ + r+(i.O 

For $ = f ^ V we set w = t (v + ,v~) for u = e®/ h u, then u satisfy the following boundary 

conditions: 

(3.7) 
where 



< 
\x n —0 



(D Xn + i(d Xn <p+))v+ =0 + + i(5x n V~))«ix =o 



(3.8) V = e(e*/ h ) lxn = and V = ^9(e^ h ) lXn=0 . 

We define the conjugate operator 

P v = / l 2 c*/' l Pc-*/' 1 
with principal symbol p v written in both side as follows 

» (rfi\-f P^0 = (U + i9 Xn (ip + )) 2 +r+(x,e + id xl {^+)) 
Pv[ ' 4 ' - I P- V (x, = (£„ + i0 Xt . for )) 2 + r- (.*, £' + ifl^ for)) - 1. 

Separating the real and imaginary part of p v , we can write following to |LR 95j that 



p+ = n+ -L in+ f r,± - f2 j_ „± 

with 



P * = & + ¥ where % = g + % . t ± 



(3.9) 



^(i.O = -(5 X „^) 2 + r ± (x,£') - r±(x,^^±) e S? 
qt(x,e) = r ± (x,e,d x , V > ± ) eSl, 



where f ± (a:, ?/) € S^ 1 are the symetric bilinear forms in (£',f/) associated to the real quadratic 
forms r ± (cc,^') in 
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3.2 Study of the eigenvalues 

The proof of Theorem 13.11 resets on a eating argument based in the nature of the roots with respect 
to £„ of p^ . At x n = 0, the polynomials in £ n have two complex roots. Depending on the signs 
of the imaginary parts of the two roots of the two poynomials, we shall adopt different strategies 
for the proof of partial Carleman estimates. Follow to |LR97| . we set 

{(^'je^xr- 1 ; i^ix,?) >o}, 

{(x,?) G V+ x E"" 1 ; ^(x,?) = 0}. 

Remark 3.1 It is important for the sequel of the analysis to note that from the property (|3.2p that 
the regions £ ± '+ and Z ± are bounded. 

The following lemma give us an idea about the postion of the roots of p^ (or the eigenvalues of p v ) 
in the complex plane depending to the sign of p^. 

Lemma 3.1 \LR9T\. Lemma 3] 

1) In the region £ ± ' + , the polynomials p^ have two distinct roots p ±,+ and p^'~ that satisfy 
Im( i o ± -+) > and lm(p ± --) < 0. 

2) In the region £ ±,_ , the imaginary parts of the two roots have the same sign as —(d Xn ip ziz ). 

3) In the region Z^ . one of the roots is real. 

Remarks 3.2 1) For |£'| ;§> 1, there are two roots p + ' + and (resp. p~' + and p~'~) for p+ 
(resp. p~) with lm(p + ' + ) > and Im(p + ' - ) < (resp. Im( ( o~' + ) > and Im(/?~'~) < 0). And 
as the value of /x + (resp. pr) deceases, the roots p +,+ (resp. p~'~) move towards to real axis, 
and accrosse it in the region Z + (resp. Z~). 

2) Note that from the proof of |LR97[ Lemma 3] , we can deduce that p^ > C > is equivalent 
to have lui(p ± -+) > C and Im(p ± < -C. 

3) Morever, the roots p ±,+ and p ±: ~ are in S} in fact 

/ p^+ + P ^- =-2i(d Xn ip±) eS« 

\ p^+.p^- = q£ + 2iqf G S? 
and a simple discussion give the result. 

Proposition 3.1 With the assumptions made to the weight function ip we have 

1) £+'+ c£-'+. 

2) d(£ + '+,Z-) > C > 0. 

This result gives meaning to the assumptions on the weight function in fact the proposition give us 
informations about the position of the roots each relative to other depending only to the sign of p + . 
Precisely, the root p + ' + cross the real axis before the root p~'~ does, as p + decreases from positive 
to negative values. This configration will make sens in the proof of Carleman estimate since the 
Calderon projector technique can not be used in situation while lm(p~^) > and the root p +,+ 
cross the real axis. 

The same result as Proposition 13. II have been prooved in [RR10 for the operator d XQ — V.c(x)V 
where the scalar coefficient c(x) is price wise smooth yet discontinous accross the interface, however 
the price is to make more assumptions in the weight function ip and this is according to the sign of 
the difference between c(xq,x' ,x n = + ) and c(xq,x' ,x„ = 0~). 



and we define 

£±>+ = 
Z ± = 
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Proof : 

The result is clear in the case when |£'| > R from Remark 13. II Now for (£,£') G V + x {|£'| < R] 
we have from the expression of and in (|3.9j) that 

(m~ - ^ + )(^ e')k„=o = {(d x ^ + f - {d XnV -f) K=0 



- 1 

\x n =0 



which come from the continuity of the weight function near the interface and the two first assump- 
tions in (|3.6p . And this achieve the proof. ■ 

3.3 Estimation in the region 8 +,+ 

In this section we study the elliptic region £ + ' + corresponding to the roots with strictly negative 
imaginary part for p + '~ and p~'~ and with strictly positive imaginary part for p~' + and p + - + . 
Making use of the Calderon projector technique we shall prove the following partial Carleman 
estimate. 

Proposition 3.2 Let x + ( x jC) £ 5*° with a compact support in x contained in V, such that 
su PP(x + ) C {p + (x,^') > c > 0}. Then there exist C > and h > such that 

\\°Pt(x + Ml+h\op t (x + )v lXn=Q \l + h\o Vt ( X + )(D Xn v) lXn=0 \ 2 < 

C(\\P v v\\ 2 + h 2 \\v\\j + ^lA^l^oIo + h\e v \\ + h\6 v \ 2 ) 



for < h < ho and v = (v + ,v ); v + , v G c tf£°(K + ) and satisfying (|3.7I 
Proof : 

We begin by noting that by Remarks 13.21 we have 



Im(p ± ' + ) > C and Im^/O^' ) < — C in supp(x + ) 
X +p±-+, x + P ± '~ G Si 

w = op 4 (x + )w 

We set ^ e h ^ which gives P v w — g and 

.9 = op t (x + )P ip v + [P y ,op t (x + )] v 

(3.10) || ff ||o<C(||P^|| + /i|k||i). 

The transmission conditions satisfied by w are 



(3.11) 



W \x n =0 = W \x n =0 + »M + 



| (D Xn + i{d Xn (p + ))w+ n=0 + (D Xn + i(d Xn (p-))w^ Xn = = Gi 
where VtX + = op t (x + )0 v \ Xri=0 and 

6 hf° t e h9° 



Gx = [{D Xn +i{d x ^ + )),o Vt {x + )]v+ n=0 + [(D Xn +i(d Xn ip-)),oio t (x + )] V„ =0 

+ op t (x + )0 v \ Xn = o 

that satisfies 

(3.12) jdlo <C(h\v lXn=0 \ + \e v \ ). 
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Estimation of ||iu||i: We denote by ip the zero-extension of a function ip £ c tf°°(V + ) to 
7o(' ! /0 = V'|a;„=0j 7i(V0 = D Xn il>\ Xn =Q and = 9| (<5 2;?l= o) then we have by trace formula 



7o (w + ) 



70 (w) 



2 f 7o(w + ) 
7o 



.<5'+ 



70 (w) 



7i(u)+) 
7i 



-2i{d XnV +) 

-2i(fll en ^-) 



7o (w + ) 



71 (id) 



70 O) 



Setting 
(3.13) 

then we get 



wi = 70M and w = 7i(w) - op t (q v )j (w) 



P v w = g — h 2 w\ ® 5' + —w (g) (5. 



Let x £ S satisfying the following assumptions 

X = 1 for {|£| ^> 1} and in a neighborhood of supp(x + ) 
supp( X )n(det(^))- 1 ({O}) = 0. 

These conditions are compatible in fact det(p ip )(x, £) = is equivalent to p J (x, £) = Oorp~(a;,£) = 
and this mean that (x, £') 6 Z + U however d(£ +,+ , Z ± ) > then our choice is justify. 

From the ellipticity of p v on supp(x), for large M there exists a PDO, Em = Op(e) with e £ S~ 2 
of the form e = S^Iq/i- 3 e,-, with e, £ S~ 2 ~i and = that satisfies 

S M o P v = Op(x) + h m+1 R Ml R M £ 9- M ~ 1 . 

Note that the symbols ej : j = 1, . . . , M are in the form of rational functions for large |£„| with 
j0 ±,+ and p^'~ for only poles. Then we obtain 

w = E M g + E M (-h 2 wi ® 5' + -w (8 <5) + .91 



where ^! = Op(l — x)(ni) — h M+1 RmW_. With Lemma I A. II we have Op(l — \) ° °Pt(x + ) G 

||ffi||2<C7» a H|e>. 



ft**"* which imply 



(3.14) 
For j = 0, 1 we set 



then we have 



^ ( T Wo ®^ )= (2^ 
E M {-h 2 wi ®5'){x) 



1 



(2ti7i)' 



e*<*'-»'^>to(a:,0^(v')Vd€ / 
e t<-'-y'^>f l(Xj ^ )wi(y ' )d2/ ' d ^. 



Note that the integral defining to is absolutly converging but whos defining t\ must be understood 
in the sens of oscillatry integrals [Hor85 , Mar02] and we can write it in the form 



e^^e ± (x^'^ n )d^ n 



\y n =x n 
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With the choise of the cut-off function x we can see that e(x, £) is holomorphic for large £„ G C, 
thus we obtain for x n > 

(3.15) tt(x,t',h) = 2^/ ± eKe " e± (^^^) d ^ 

(3.16) f±(z, ft) = ^ J e^"e ± (x, d£„ 

where 7 ± the union of the segment {£„ £ t"; < Co|£'|} and the half circle {£„ G C; = 
Col^'l, Im(£ ra ) > 0} where Co is chosen sufficiently large so as to have the roots p ±:+ inside the 
domain with boundary 7 ± . The exprssions (|3.15p and p,16[) are valide also for x n = and for 
j = 0, 1 we have 

(3.17) \D l Xn d^tf(x,^',h)\ < C a ,p,i(?)- 1+ S +l -M Xn > 0, I e N. 
Let Xi (£)£') £ <S? satisfying the same requirement as x + , such that 

Xi( x i£') = 1 m neighborhood of supp(x + ) 
x{x,C) = 1 m neighborhood of supp(xi). 

We set tj = Xitj', j = 0, 1 and 52 = op ( ((l — Xi)*o)^o + °Pt((l — Xi)ti) w i an d we write 

(3.18) w = E M g + op t (t Q )w a +op t (ii)u>i + .91 + .92- 

Now from (|3.17p if we show tj as a symbol in ]R n_1 with x„ as a parameter, then while supp(l — 
Xi) n supp(x + ) = then by composition formula and Remark lA.ll we obtain 

(3.19) || 52 ||2 < Cft 3 (|«| XB=0 |_i + \(D Xn v)\ Xn = \-i) < Cfc 2 (|M|i + \(D Xn v) lXn = \ ). 
While e(x,£) is holomorphic relative to in supp(xi), we can then write for j = 0,1 that 

(3.20) tf(x, e, h) = X i(x, f) ^ [ /± ^ Xn(n e ± (x, £' , d£ n 

where 7^ is a direct contour surrounding the roots p ±,+ in the region Im(£„) > Co|£'| for Co > 0. 
In supp(xi) we have 

+ 1 1/1 1 



Then the residue formula yields for j = 0, 1 that 

e-i'^- + fp(x^,h) = yi(^O p± j+l +) l,- +h\ j a ± , Xf G Sf 2 . 
From (|3~20f we get for j = 0, 1 that 

l^d^t+Oz,^)! < C^^^e-^ 35 ™^)^)- 1 ^-^ 1 z„ > 0,1 6N. 

Which yields 
It follows that 

Co, 



|A^ oop t (tj)wj||o = / e - Coa; "|op t (e— x "tj)wj\\{x n )Ax n < C/i 



....a 

'x„>0 

\\D Xn o op t (tj)wj\\l = / e-^^^lop^eT^D^^.)^!^^)^ < Ch\wj\], 

Jx n >0 
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which can be writen as follows 

(3.21) \\o Pt (tM\\ 2 i<Ch\ Wj \l 
From (|3~T8f and estimates (|3~T9| . (|3~10|) . (|3~T4| and (|3~2"Tj) we obtain 

(3.22) IMIi < C(||-?>]|o + fc|M|i + /i'(K|o + \wi\i) + h 2 \{D Xn v) ]Xn=0 \o). 

Estimation of the boundary terms |wo|o an d |it>i|i: We take the trace at x n = of (|3.18D 
which gives 

(3.23) 70(10) = op t (0)70(10) + op t (6)71(10) + G 2 , 
where a € 5 ( ° and b G S^ 1 with principal symbols 



a o V a ± - fv* P± '~ 



Un=0 



and G 2 = {E M g + gi + g2)\ Xn =o- Which give by Remark [Q and estimates (|3~E))) . (|3~TU)l and (|3~T4]l 

(3.24) |Ga|i < Ch-i\\E M g + 9l + g 2 \\ 2 < Ch~^ (||i>|| + ft||u||i + h 2 \(D Xn v) ]Xn=0 \ ). 

The transmission conditions p. lip gives 



(3.25) 



7o (w ) = 70 (w+) - 6» ViX+ 

7i(«> _ ) = -7i ( w+ ) + k lo(wo) + Gi 



where k = -i((d Xn (p )\ Xn= o + {d Xn ip + )\ Xn=0 ) and Gi = i(d Xn (p )\ Xn= o9 ip , x + + Gi, in particular we 
have by Remark IA.ll and (|3.12p that 

(3.26) Idlo < C(h\v\ Xn=0 \ + \0 V \ O + \e v \ ) < C{h*\\ v\\\ + \6 v \o + \8<p\o)- 

From (pl2"3"]) and flQjj) we obtain 

°Pt(l " «) ( ( 7 A W+ l ) = °Pt(&) ( , + , 7l( r + , } - n )+ G2. 
tX '\ lo(w+)-e va+ J ft\ ;y - 7l ( w +) + fc 7o («;+) +Gi J 



Thus we have 



0Pt (l-a+) -op t (6+) \ / 7o (io+) 

op t (l-a )-op t (6 )ofc op t (6 ) J \ 71(10+) 

o Pt (l-a)(^ + )+o Pt (6)( ~ J + G 2 

Thus we obtain a system of the form 

°Pt(«) ( A^i^) ) = G 2 +o Pt (a)^, x+ +op t (E)G 1 , 

where ft is a 2 x 2 matrix with entries in S® and a and E are 2x1 matrix with entries in 5^ and 
T 1 respectively, with principal symbols 
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Choosing X2{x,0 E S® , satisfing the same requirement as \ + , such that 



X2{x,^') — 1 in neighborhood of supp(x + ) 
Xi( x iO = 1 m neighborhood of supp(x 2 )- 



In supp(% 2 ) we have 



K |supp(x2) 



P+-+ - (T 



- k 



V p-> + -p- 



p - + - p ' 



I \x„=0 



Since Im(p- + + p+>+) > C(C) in supp( X2 ) and Im(-fc) = ((d Xn <p-) + (d Xn <p+)) lxn=0 > by (01 
then we find 

k) 



det(Ko)| supp ( X2 )| 



(t'){p-' + +P^ 



(P 



p+,-)(p-,+ - p-,-) 



> C. 



It follows that k is elliptic in supp(x 2 ). Then there exists Im £ S®, such that 

op t (Z M ) o 0Pt («) - op 4 ( X2 ) + h M+1 R M ; R M & *" M ~ 1 
for M G N large. This yields 



7o {w + ) 



op t (l M )G 2 + op t (l M ) oop t (a)6 vx + +op t (l M ) °op t (S)Gi 



+ (op,(i-») + ^«flM)( A Jf<;;» +) 



Since supp(l — X2) H supp(x + ) = then by Remark [AT] and estimates ()3.24p and (|3.26|) we obtain 

|7o(w + )|i + |7i(w + )|o<C(|G 2 |i + \9 V ^ X +\ 1 + \Gi\o + h 2 \v\ Xn=0 \ + h 2 \(D Xn v) ]Xn=0 \ ) 

(3.27) <C(h^\\P v v\\ + h*\\v\\i + h§\(D Xn v) lXn = \ + [9^ + \0 V \ ). 
From the transmission conditions Q3.25P and estimate ()3.26p we have 

|7o(^)Ii<C(%o(^ + )|i + |^IO 

l7i(w")|o < G(| 7 i(u; + )|o + |7o(^ + )|i + h*\\v\\i + |^|i + |0 v |o). 
By summing these two last estimates we get by (|3 . 27[) that 

(3.28) |7o(«T)|i + \li(w-)\ < C(h^\\P v v\\ + + hi\(D Xn v) lxn=0 \ + + \6 V \ ). 
Then by (|3T3)) and estimates (|3T27)) and (|3~28|) we obtain 

(3.29) hi{\w \ + \wi\i) < C(\\P v v\\ + h\\v\\x + h 2 \(D Xn v) lXn=0 \ + /i*|0 v |i + h*\0 v \ ). 
End of proof: Observing that 

D x ,op t ( X + )v = op t (x + )(D Xn v) + [D Xn ,op t ( X + )}v. 

Then by ([5727j) . (pT2"gj) and Remark [Owe obtain 
(3.30) 

^ 2 (|op t (x + )«|a; n =o|i + |op t (x + )(£ ) :c „w)| 2: „=o|o) < CTi? (|«;| Xri=0 |i + \D Xn w\ Xn=Q \ a + h\v\ Xn=0 \o) 
< CdlP^Ho + %||i + h 2 \(D Xn v) lXn=Q \ + h^B^ + ht\6 v \ ). 
Thus we conclude the proof by combining estimates (|3.22p . (|3.29[) and (|3.30[) . ■ 
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3.4 Estimation in the region S + ' 

With a microlocal cutt-off function, we place ourselves in the region £ +, ~ , finitly away from Z + . 
Making use of the standard techniques to prove Carleman estimates for both P~ and P+. 

Proposition 3.3 Let X~i x >£') G $t a compact support in x contained in V, such that 

su PP(x~) C {fj, + (x,^ r ) < —C < 0}. Then there exist C > and ho > such that 

fc||op t (x~)«||? + /i|op t (x-)«| as „=o|! + /i|op t (x-)(-D a; „«)| a ^=olo < C r (IIA»w|lo + '» 2 |l«lli + '»l^*.li+'»l^lo) 
/or <h<h Q and v = *(«+,«-); w+, iT € < ^ C 00 (X + ) t/wxf saiis/y f3J|) . 

Proof : 

We set ui = op t (x~)f and g = op t (x~)P ip v + [P ip ,op t (x~)} v then P v w = g and we have 

(3.31) ||ff||o<C(||P«>v||o + fcHi). 

As in the previous proof the transmission conditions satisfyed by w~ and w + are 



(3.32) 
where 



x„=0 



|s„=0 T ¥>>X~ 

(D Xn + i(d Xn ip + ))w^ Xn=0 + (D Xn + i(d Xn (p-))w^ Xn=0 = G\ 



x n =0 



<p,%- = °Pt(x )# v |x„=o and 
G t = [(D Xri +i(d XnV + )),op t (x')]v+ n=0 + [px„+i(^x n ¥'")),op t (x")]U| 

that satisfies 

(3.33) |Gi| ^C^h^olo + I^lo). 
From |LR95( Lemme 2] we have 

(3.34) h^Wl + Re (hB^w*) + ft 2 (( J D,„^ ± + if ur% B =o, 4 ™J„=o) ) ^ ^H^Ho 
for /i sufficiently small, where if 6 T>\ , S ^ ° and B^ are the quadratic forms given by 



(3.35) 



7iW0 



7i WO 
AhoW) 



V 



where Bf, Bf' € Z>| with cr(-B^ ) = a(-Bf') = 2^ and Bf 6 P 2 with <r(Bf) = -2{d Xn (p ± )qf . In 
particular, we have 

(3.36) ^ 2 | ((A^ + £M)|*„=o, £o wj n=0 ) | < C r /i a (|-yi(«7 ± )|g + 1^(^)1?). 
The principal symbols of B^ are 

(3.37) a(B ± ) = 



29i ± (e')- 1 



-2(&„^ ± )( 72 ± (e')- 2 



We observe that det(cr(i? ± )) = — 4(5 :En </j ± ) 2 (£') _2 /i ± , it follows that in supp(x~) we have that 
det(<r(-B + )) > C. Morever since (d Xn ip + )\ Xri= o > it folows that a(B + ) is positive defined. The 
transmission condition (|3.32p can be written as follows 



(3.38) 



7i (w ) 
Aj7o(^"' 



-1 £A t ~ 
h 



7i (w+) 
Aho(^+) 



Gt 



c- 
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where k = —i(h(d Xn (f )| x „=o + (dx n l P + )\ Xn =o) an d G± = i(d Xn ip )i Xn — 6 tpiX - + G\ that satisfies 
from f|3 . 33[) and Remark lA. II 

(3.39) |Gi| <C(^||«]]i + |^|o + |^|o). 
Then we obtain by (|3~35) and that 

where cr(S-) = t a{C-)a(B-)a{C-) 6 S" t ° and 

t/<7 1 <»+),7.e»+),<W-,S I ) = (fl-tr ( 4^', ) , ( ^ )) o + 

B " ( A,»V- ) - C ~ ( AmJ) ))„ + ( B ~ ( AJ^_ ) ' ( . 
Which satisfies from (|3.33|) , Q3.39P and Remark IA.1I the following estimate 

(3.40) \U( 11 (w + ), l0 (w + ), 9 VtX - , Gi)| < C(| 7 o^ + )|? + l7i(^ + )lo + ^Iklli + 1^1? + l^lo)- 

So that, for any K > and for a > sufficiently large, we can suppose that a<j(B + ) + a(B~) > K > 
0. Hence, by Garding inequality (Lemma lA.2j) and the estimate (|3.40j) we obtain for all < h < ho 
that 



Re(aB+( W +) + fi-(tir)) > f (ho(w + )\ 2 + l7i(^ + )l^) - C(h\\v\\j + \B V \\ + \9 V \ 2 ). 



The transmission conditions (|3.38|) and the estimate (|3.39p yields 

(3.42) ho(w~)\l + hx(w-)\ 2 < C(\ 7o (w + )\l + + h\\v\\l + \6 v \l + \9 V \ 2 ). 

A similary estimate to (|3.41j) can now be obtained for w~ instead of w + in the right hand side by 
estimate (|3.42l) then for all < h < ho we find 

(3.43) R C (aB+(w + ) + B" («;")) > y(bb(«T)li + iTiOOlo) ~ C(h\\v\\l + K\f + \6 V \ 2 ). 
With the sum of ([3T5i]) ~ and a; (prM]) + : and from estimates (|3~3o]l . (pPlj) and (|513|1 we obtain 

h\ l0 (w-)\l + h\ 7l (w-)\l + h\ l0 (w + )\l + h\ ll (w+)\l + h\\w-\\l + h\\w+\\l 

(3.44) 

<C(\\g + \\l + \\g-\\l + h^v\\l + h\9 v \l + h\e v \t). 
Finally with taking into account of the expression 

D Xn op t (x~)v = op t (x~){D Xri v) + [D Xn ,op t (x~)]v 7 

s ^ 

and estimates (|3.31l) and (|3.44[) then with proceeding as in the end of the previous section we obtain 
the result for h sufficiently small. ■ 



3.5 Estimation in the neighborhood of the region Z + 

With a cut-off function, we place ourselves around the region Z + , while staying in the region £ ~' + 
away from Z~ . We adopte the technique of Calderon projector for P~ and standard techniques for 
P+ 
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Lemma 3.2 There exist cq > sufficienty small and C , C" > such that 
(3.45) 

tr(x,Z')>C. 

Vx G V+, £' G R n_1 ; \n + (x,?)\ < c 



V / \x n =0 



Proof : 

The first property of (|3.45[) follow easly from Proposition 13.11 by choosing Cq small. For the second 
one we have just to choose e > and C" > sufficiently small such that {{d Xn (p~) + (d Xn (p + )) 2 x =Q > 
C" + cq which is compatible from the assumptions (|3.6[) . ■ 



Proposition 3.4 Let x \ x i £') G £>t a compact support in x contained in V, such that for 

Co > sufficiently small {\[i + (x,C)\ < cq} in supp(x°). Then there exist C > and ho > such 
that 

h||op t (x )«||i+ft|oPt(x )«|x B =o|? + h\ov t (x°)(D Xn v)\ Xn = \ 2 < 

C{\\P v v\\l + h 2 \\v\\l + fc 4 |(I>x„«)|*„=olo + h K\i + h K\D 
for < h < h and v = *(«+, v~); V + , v~ G tf™(K+) and satisfying ([3"77|) . 

Proof : 

We choose Co > that satisfy the conclusion of Lemma l3.2[ then by Remarks l3.2l we have Im(p~' + ) > 
C and Im(p _ '~) < — C. We set w = op t (x°)v and g = op t (x°)P v v + [P^,op t (x°)]v. Then we have 
P v w = g and 

(3.46) H^llo^CdlP^llo + ftll^llO. 

The transmission conditions satisfied by w are 



(3.47) 



w \ Xn =o = w |x„=o + «W 

(D Xn + z (9 a; „v? + ))u;+ n=0 + (£» Xn + i^v - ))*"^^ = d 



where 6>^ x o = op t (x )# v |a; n =o and 



Gi = [(D Xn+l (d x ^+)),op t (x°)}v+ n=0 + [(D Xri+l (d XrlV -)),op t (x°)}v\ Xn=0 

+ op t (x°)O v \ Xn=0 

that satisfies 

(3.48) |Gi|o<C(ft|«| aB=0 |o + |^|o). 

Calderon projector technique applied to P~: We keep the same notations as in proof of 



Proposition 13. 21 Thus we obtain thanks to the first property of Lemma 13721 an estimate of the same 
form as (|3.22p . namely we obtain 

(3.49) \\w~ ||i < C(\\P-V-\\ Q + h\\v-\\i + ^(|7i(^")|o + b*>(«T)|i) + h 2 \(D Xn y-) lXri=Q \o). 
Also we have the following trace formula, of the same form as (|3.23p . namely 

(3.50) Jo(w~) = op ( (a~)7o(w") + op t (b~)-fi(w~) + G 2 
where a~ G S®, b~ G S^ 1 with principal symbols 

(3-51) %=-[Xi— -r — ) ; bZi = (xi _ , 1 _ 



U n =0 \ r H J | Xn=0 
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where xi £ St, satisfying the same requirement as \° an d is equal to one in a neighborhood of 
supp(x°). And G2 satisfies 

(3.52) IC^l! < Ch-? (\\p-v-\\ + hWv-h + h 2 \(D Xn v-) lXn=0 \ ). 

Then with the transmission conditions (|3.47[) we can write 



(3.53) 



op t (6-)( 7 iH-)) = -o Pt (6-)( 7l ( w +)) + o Pt (6-)(fc 7o ( w +)) + o Pt (fe-)(GD 
lo(w ) = 7o(w+) 



where k = —i((d Xn ip )\ Xrl= o + {d Xn ip + )\ Xn= o) and G 1 = i(d Xn (p )\ Xn= o^ip,x° + ^1 that satisfies from 
estimate (|3.48p that 

(3.54) |Gf|o < C(/»|«| XB=0 |o + K\ + l^lo). 
Then with combining (|3.50[) and (|3.53[) we obtain 

=°Pt(«) 

(3.55) (o Pt (l - aT) - apt(b-) ° k)( lo (w+)) = -o Pt (b-)( ll (w+)) 

+ o Pt (b- + o Pt (1 - a') (0 VjX o ) + Ga . 

Let X2 (£,£') £ "S?> satisfy the same requirement as x° such taht 

X2( x ,^') = 1 m neighborhood of supp(x°) 
Xi{ x iC) = 1 m neighborhood of supp(x 2 )- 

Then from ()3.5ip the principal symbol of k is given by 

P ^ ^ nO 
K 0|supp( X 2) = _ 6 b f 

In supp(x2) we have Im(p _,+ ) > C, Im(p _,_ ) < — C and Im(— fc) > by assumption (|3.6p . then k 

M 

/^Zj, ^7 £ ST -7 an d ^0 = — j such 

that for M large we have 

o Pt (/) o 0Pt («) - o Pt ( X2 ) + h M+1 R M ; Rm g *r M_1 - 
Thus from (|3.55p we find 

(3.56) 7o (™+) = -op t (0 o ap t (b~ )( 7l («;+)) + G 3 
with 

G 3 = op t (/)oop t (fe-)Gr+op t (/)oop t (l-a-)^^o+op t (/)G^+o Pt (l-x2)7o(^ + )-^ /+1 i?A/7o(w + )- 
Since supp(l — X2) H supp(x°) = 0, we obtain by estimates (|3.52[) , (|3.54[) and Remark lA. II that 

(3.57) |G 3 |i < G(/ l -5||p-«-||o + / l 5|| v -|| 1 + / l f|(D x ^-)| Xn=0 |o + |^, x o| 1 + |^|o). 
Thus by (|3.56|) we obtain 

(3.58) |^o('^~ 4 -)|x < (-^^) |o /z.-* ||o^^*||^||i-K^^ I |^„=o|o | (9^ , ^0 1 a |^|o)- 

Classical Carleman techniques for P+: As in proof of Proposition |3~31 and with keeping the 
same notations we get 



(3.59) h\\w + \\l+Re(hB + (w + ) + h 2 ({D Xn w + + L+w+\ Xn ^ L+w+ n=Q ) J < G]|P+ 
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for h sufficiently small and 

(3.60) h 2 | {(D Xn w+ + L+™+)| Xn=0) Z+™+ n=0 )J < C% 2 (| 7 i(u; + )|§ + | 7 o(™ + )| 2 ). 
From (|3.35p and (|3.56p we write 

(3.61) B+(w+) = (M*B+M 1i (w+), 1i (w + )) + U( 1i (w + ),G 3 ) 
where 

1 

-M °op t (0 oop t (6" 



(3.62) 



M 



o 

02 



5+ 





A t V 2 



A^ 2 ; ' V Ml* 



|x„=0 



|as„=0 



> c. 



That satisfies from estimate (|3.62p and Young inequality 
(3.63) 

From (|3~37f and (|3l)2"|) we get 

a(M*B+M) = (2(d x ^ + )-4qiRc(l Q bZ 1 )-2\l bZ 1 \ 2 (d XrlV + )q+) lxn=() . 
In supp(x°) we have the following equalities 

| Mlxlj^o - IVf;„to - fc l 2 = ((Re(p-+)) 2 + (Im(p-.+) + (^„^-) + {d x ^+)) 2 ) 

Then Lemma 13721 and assumptions (|3.6|) yields 

a(M*B+M) = 2\l Q bZ 1 \ 2 (d Xn <p + ) lXn = (K 6=il _a - 2< z +(a c „^+r 1 Rc( /9 -<+) - <Z 2 + ) |;C7i=0 = 

2M: 1 | 2 (a c „ ¥ ;+)| :c „ =0 (iZofoirT 2 - (Rc(p-<+)) 2 - m + + (?j h (0* B ¥> + r 1 - Re( P ->+)) 2 ) 

\ / \x n =0 

> 2\iobz 1 \ 2 (d Xri ^ + ) lXn=0 [((d Xn <p-) + {d XnV +)f - m + ) 

Hence, Garding inequality fLemma lA.2p yields for h sufficiently small 

(3.64) Re(M*B + Mj 1 (w+) )7l (w + )) > C\ 7l (w + )\ 2 . 

Now from (pT46f . (|3~58l) . ([3~59f . (|3T60|) . (j3l)Tj) . f3J3]) and (j3~64j) we obtain for e' and /i sufficiently 
small 

^|| W + || 2 + % 1 ( W +)| 2 + %o(^ + )ll< 

c(||p^|| 2 + h 2 \\v\\i + h 4 \(D Xn v-) lXn=0 \ 2 + h\e v \\ + h\e v \l). 

Note that as the proof of Proposition 13.21 we have by transmission conditions 

(3.66) | 70 (^-)| 2 + \-n(w-)\l < C(\ l0 ( W + )\i + \ji(w + )\ 2 + h\\v\\l + K\ 2 + \9 V \ 2 ). 

Then from ()3.65p and (|3.66p we have 

h\\w+\\l+h\yi(w-)\l + hMw-)\l< 

c(\\p v v\\ 2 + h 2 \\v\\ 2 + ft 4 |ODx„Oi*»=olo + h\e v \l + h\e^\ 2 ). 

We recall that 

D Xn op t (x> = op t ( X °)(D Xn v) + [D Xn ,op t ( X °)] v. 

Then the result will be achieved by combining the estimates ()3.49j) , (|3.65p and (|3.67|) as in proof of 
Proposition! 



(3.67) 



3.6 Boundary Carleman estimate 



21 



3.6 Boundary Carleman estimate 

Let i>i, v 2 , fi and f 2 satisfying the following boundary equations 



(3.68) 



{ B 1 (x t D)(v 1 ) = f 1 infii 

B 2 (x,D)(v 2 ) = f 2 m fit 

hv\ = V2 + on 5 

hd v v\ + d v v 2 = on 5 



where Bi(x,D) and B 2 (x,D) defined a differential operators with C°°-coefficients gived by 

1 



< 



B^x.D)^) = - Aui 



B 2 (x,I>)(«2) 



1 



-Al> 2 + — U2 



with h is a small pseudo-differential parameter. This mean that the trace of v\ and v 2 at the 
boundary S, as well as the their the normal flux, with some coefficients terms, are respectively equal 
and opposed modulo some error terms 9 and 8 respectively. The aim of this section is to find a local 
Carleman estimate for a such problem. 

In a neighborhood V of a point z = (z' , z n ) £ S, we denote by x n the variable that is normal 
to the interface and by x' the remainding variables, i.e x = (x',x n ) in particular z = (z',0). The 
edge is given now by S = {x n = 0}. In a sufficient small neighborhood V C R" of z we place our 
selves in normal geodesic coordinates. For convience, we shall take the neighborhood V of the form 
V = V z ix]0,e[ where V z > is a sufficient small neighborhood of z' . In such coordinate system the 
operators B\ and B 2 take the following forms 



B!{x,D) :=-Si i +R 1 (x,d x >/i)- T 



B 2 (x,D) :=-& +R 2 (x,d x ,/i) 



1 

h 



where R\ (x, £') and R 2 (x, £') are a second ordre polynomials in £' with coefficients in R with principal 
symbol respectively ri(x,£') and r 2 (x,£') that satisfy 

ri(x,e) > CIC'I 2 V(x',x n ) G T^x]0,e[, V£' 6 R"" 1 
r 2 (a:,0 > C|€'| 2 V(a;',a: n ) 6 ^x]0,e[, V£' £ R n_1 . 

Let i/>i and ?/> 2 two weight functions and we define the two adjoint operators 

B in = h 2 e^' l/h B lC -^ /h and B^ = h 2 e 4 ' 2/h B 2 e~^ /h 

with principal symbols respectively 

( X l 

= (in + i(d x M) 2 +r 2 (x,? + i(8 x ^ 2 )). 



Assumption 3.2 The weight functions ipi and ip 2 are in t r£ °(V) and satisfies 
1. IVV'iI(^) > and \Vip 2 \(x) > inV. 

( (d x M(x',o)>o 

3-1 (d x M(x',0) + (d Xn ^ 2 )(x',0)>0 for all x' £V Z ,. 
{ (d x M 2 (x',0)-(d Xn ip 2 ) 2 (x',0)>0 
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4-. The sub-ellipticity condition: 



V(x,e)eFx R"; (x, = 0=^ {Re(^i), ha(b^)}(x, > 
V(x,0 el'xR"; ^ 2 (x,O=0=^{Re(^ 2 ),Im(6^ 2 )}(a;,O > 0. 

From the assumptions made on the weight functions -0i and ^2 we shall obtain the following 
local Carleman estimate as we done in the previous sections. 

Theorem 3.2 Let K be a compact subset of V and ipi and ip 2 a weight functions satisfying As- 
sumvtion \3.2[ then there exist C > and h > such that 



h 3 \\e^ h Vl \\ 2 + h 5 \\e^ h W Vl f + & V l7 S N„=olo + ^V lA V x ^i K = |o 
+h 5 \e^/ h d XnVl | X „ =0 |2 + ft||e*»/SH2 + h 3 \\e^ h Vv 2 \\l + h\e^' h v 2 , Xn=0 |g 

+% ,/ ' l//i 6i| 2 1 + ft 3 |e* l/fc Vx'fl|o + fc 3 |e* l/h 0|o) 
/or all < h < ho, v\, v 2 , f\ and f 2 satisfying (|3. 68|1 where v l fgw, u 2 i^s- € ^"(If). 



4 Global Carleman estimates and construction of the weight 
functions 

The purpose of this section is to state two global Carleman estimates, the first is gived for two 
second orde operators in f2i and Q 2 respectively with transmission conditions on the interface S, 
and the second one is gived for two second order and elliptic operators both of them are in 17 2 with 
functions for each operator which are linked on the interface S by a boundary condions. As a second 
step we will try to construct a very special weight functions for each of the two Carleman estimates 
cited before so as to able to combining the two estimates in the next section. 
We consider the following value boundary transmission problem 



(4.1) 



We define the operator 



-Aiti 



fi 
1 



-Au 2 - —U2 -- 
u\ = u 2 + 6 
d v u\ = d u u 2 + 
u 2 = 



in f2j 

in SI2 

on S 

on S 

on r 2 . 



and the adjoint operator 
with principal symbol 



[ A x {x,D) = -A in fii 

A{X > D) = { A 2 (x,D) = -A-± in0 2 , 



A v (x,D) = h 2 e lp ^ h Ae~ v/h , 



\t + iVp x \ 2 inOi 
M^.^-i | ? + zV^ 2 | 2 -l infi 2 



where p = (<pi, ip 2 ) is a weight function. 

Assumption 4.1 Let p> = (p\,p 2 ) be a continuous weight function in Q such that 

1. pi G and ip 2 G ^(fia) 

2. \Vp\{x) > inTi 
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d*<Pi\s ~ 9 v ip 2 \s < 
(dv<Pi\s) 2 ~ (d^2\s) 2 > 1 
4- dv<Pi |ri 7^ and d v <p 2 |r 2 < 
5. 77ie sub-ellipticity condition: 



(4.2) 



V(x,£) e o x 



,(x,£) = => {Re(a v ),Im(a ¥ ,)}(x,^) > 0. 



From Theorem |LR97[ Proposition 1] and [LR951 Proposition 2] we get the following Carleman 
estimate. 



Theorem 4.1 Let ip = ((fi,(p 2 ) be a weight function that satisfy Assumption \4. 1\ then there exist 
C > and ho > suc/i £/ia£ 

^Ue^Vll^m) + ^l|e Vl/,i V Ul || 2 L2(ni) + /i|e^/^x|| 2(s) + ^V^V^H^ 
+h||e^/ h ti 2 ||| a(na) + ^lle^^Vualli,^) + h\e^ h u 2 \l 2{s} + h 3 \e^ h Vu 2 \ 2 L2(S) 
< C^He^/illi^no + h4 W ciP2/h hWh(n 2} + % v/ ' l ^ ( s) + h 3 \e^ h Ve\l 2{S) 
+h 3 \e* /h 0\h {S) +h^^ h Ul \l 2{ri) +h 3 \e^ h d vUl \l 2(ri) ) 

for allO < h < h , u= (ui,u 2 ) G ^ 7 °°(f2i) x C ^°°{VL 2 ) and f = (fi, f 2 ) satisfying to the system 1)4. ip. 
We consider now the following boundary value problem 

1 



(4.3) 



We define in Q, 2 the operators 



gi in fii 



h 

-Av 2 + —v 2 = g 2 in Q\ 
h 

+ 6 on S 

on S. 



hvi = v 2 
hd v v\ + d v v 2 




= -A- 



and the adjoint operators 

B^ (x, D) = tfe^^B^ 1 ' 11 and B^ 2 (x, D) = h 2 ^l h B 2 ^^ h 
with principal symbol respectively 

b^{x,C) = |£ + tVV'il 2 and b^ 2 (x, = \£ + iV^2 1 2 
where ij)i,ip 2 are two weight functions. 

Assumption 4.2 Le£ Vi ^2 oe iwo continuous weight function in f^i suc/i t/iat 
1. tp! G ^°°(Oi) and V2 G 'if 00 (fix) and Vl|S = V>J|s 
j8. IV^iKx) > in Hi and |V-02|(a;) > in Hi 



0' 



(a^ns) 2 -(^2is) 2 >o 

^. dvi'i | ri 7^ and <%V2 |Ti 7^ 
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5. The sub-ellipticity condition: 

(4.4) V^OeHjxK"; 6^ 1 (x,O=0=»-{Re(^ 1 ) > Im(^i)K*.O>0 

(4.5) V(«,0 e Hi x E n ; 6^(1,0 = =► {Re(6^) J Im(6^)}(a,f) > 0. 

From Theorem 13.21 and |LR97[ Proposition 1] we get the following Carleman estimate. 



Theorem 4.2 Let ipi and ip 2 be two weight functions that satisfies Assumption ^ -2\ then there exist 
C > and ho > such that 

^lle^VH^no + ^II^^V^Hi,^) + h^' h Vl \l 2(S) + h 5 \e^ h V Vl \l 2{s) 
+ h\\e*'' h v 2 \\l a(ni) +h 3 \\e^/ h Vv 2 \\l HQl) + h\e^ h v 2 \l HS) + h 3 \e^ h Wv 2 \l HS) < 
C(h 6 \\e^ h 9l \\l 2(ni) + h 4 \\e^ h g 2 \\l 2{Ql) + h\e*' h 8\l HS) + />V /fe V0|| 2(s) + /iV^lW) 
+ h 3 \e^/ h Vl \l Hri) + h 5 \e^ h d„ Vl \l 2{ri) + h\e^ h v 2 \l 2{ri) + h 3 \e^/ h d v v 2 \ 2 L2(Vl) ) 

for all < h < ho, v\ and v 2 are in c ^°°(fli) and g\ and g 2 that satisfies the system (|4.3p . 



For the first Carleman estimate now we will try to find two phases ipi = (991,1, 931,2) and f 2 = 
(932,1; 932,2) defined in f2 satisfies the Hormander's condition except in a finite number of balls where 
one of them do not satisfy this condition the second does and is strictly greater. For the second 
Carleman estimate we will try to find four phases 0i.i, ipx, 2 , 02, 1 and -02,2 defined in fii satisfying 
the Hormander's condition exept in a finte number of balls where 0i.i or -02.1 (resp. Vi,2 or ^2,2) 
do not satisfy this condition the other does and is strictly greater. 

From |Hasl3[ Proposition 3.2] and |Bur981 Proposition 3.2] we can find two 'if 00 functions tpx i 
and 932,1 in ^1 (resp. 93^2 and 932,2 in ^2) such that for i,k £ {1,2} there exists a finite number 
of points x\ j £ Clk an d x 2 j 2 e ^fe f° r Ji = 1> • • • i-^i.fc and e > such that B{x^ i: 2e) C ilk and 
B(x\ j l ,2e)f]B(x2 j 2 )2e) = and in Bfa^j. , 2e) we have tp a (i),k > <Pi,k where a is the permutation 

/JV i|f! 

of the set {1,2} different from the identity, where we denote by Ui.k — ilk P| I B{x\ ^ , 2e) 

verifying that |V>i,i| > in U lyl , IV932.1I > in f7 2 ,i, d v <p iA \ Fl # 0, d„(p it i\ S # 0, <9„99 ii2 |r 2 7^ 0, 
dv<Pi, 2 is 7^ and 931 and 932 verifying the Hormander's condition (j4.2p in f/^i U t/1.2 and E/2,1 U f7 2 ,2 
respectively. By construction we can suppose that <Pi t i\s = 93j,2|S: ^^,1 |s — dufi,-2.\s < and 
(<^9? 4 ,i|s) 2 - (^93i, 2 |s) 2 > 0. 

For the same arguments as above we can find two < ^ , °° functions 0i.i and -02,1 (resp. Vi,2 
and V'2,2) in Qi such that for i,k £ {1,2} there exists a finite number of points yfj. £ fli for 
ji = l,...,M ik and e > such that B(yfj.,2e) C fii and ^ 2e) f) #(y 2 j2 , 2e) = and in 

B(y^ j .,2e) we have V<7(i),fc > Vi.fc, where we denote by = fi x Q |J B(y^ j .,2e) , verifying 

that |V^i,i| > in Vi,i, |V<02,i| > in Va.i, d l yip iik \r 1 ^ 0, <9„Vi,i|s < and ^1,1 and 2 ,i 
verifying the Hormander's condition (|4.2p in V^i and V\ j2 respectively and ^1,2 and 02,2 verifying the 
Hormander's condition (j4.4p in V24 and V'2,2 respectively. And we can suppose that V^i \g = ^1,2 |Si 
d^.i |S + ^0i,2 |s < and (d^i | S ) 2 - (^0i, 2 |s) 2 > 0. 

Finally, to link the two construction we can suppose that 931.1 = 0i.2 and 9324 = V'2,2- This 
assumption will play a very important role in the proof of Theorem 11.21 in the next section and in 
particular the trace of 93^1 and ^1,2 (resp. 992,1 and 02.2) on the edge of f^i are equal. 



5 Resolvent Estimate 

The aim of this section is to prove the resolvent estimate, precisely we prove for some constante 
C > that 



5 Resolvent Estimate 



25 



for large enough. 

The main idea consist to derived from the plate-wave equation two systems of second order of the 
same form as (|4.1|) and (|4.3[) respectively and to apply to them the appropriate Carleman estimate 
established in the previous section. And with the choice of the weight functions constructed in 
section S] the result follow from the combination of these two last estimates. 



Let (F, G) G H with F = (/i,/ 2 ) and G 
v = (vi, V2) such that 



(A - 1» 



{91,92) and (u, v) £ with u = {u\,U2) and 



which can be written as follows 



(5.1) 



vi - i[iui = fi 


in 




v 2 - ifJbU 2 = f 2 


in 


n 2 


— A 2 «i — i/ivi = gi 


in 


Sl L 


Au 2 - i^v 2 = g 2 


in 


Q 2 


ui + u 2 = 


Oil 


S 


d v Aui = d u u 2 


Oil 


S 


Am = 


Oil 


S 


Aui = —ad v v\ 


Oil 


Ti 


d v Au\ = bvi 


Oil 


Ti 


u 2 = 


Oil 


T 2 



We set now the following functions 
(5.2) $ = 

The system (|5.1|) is written now as follows 



$1 
$ 2 



-.91 

'92 



i/i/i in 51i 
i[if 2 in fl 2 



and 



-ad v fi 
bfi 



on Ti 
on Ti. 



(5.3) 



v\ = fi + iiim 




in 


£7i 


V2 = /2 + i^u 2 




in 


fi 2 


A 2 ui — [i 2 ui = 


*i 


in 


Oi 


Au 2 + [l 2 U2 = - 




in 




ui + u 2 = 




Oil 


s 


d„Aui = d y u 2 




Oil 


s 


Ait! = 




Oil 


s 


Ami + ifJ-ad u ui 


= 4>x 


Oil 


Ti 


d^Aui — ifibui 


= (f>2 


Oil 




, U 2 =0 




Oil 


r 2 



Integrating by parts then we obtain 

($,M) = (A 2 Mi,Mi) L 2 ( f2 l) - {Au 2 ,U 2 ) L 2 {n2) -M 2 (lkl||i2 (0l) + \\u 2 \\ 2 L 2 {n2) ) 



(5.4) 



H Au i|li*(nO + I|Vm 2 || 2 2(! - 22) -^(IKII^^) + ||«2|li3(n a) ) ~ (<f>i,duUi) L 2 (ri) 
(02, Mi} L 2( ri ) + in((ad„ui,d v ux) L 2( T j + (bui, «i) L 2 (ri) ). 



Keeping only the imaginary part of (|5.4j) then we get 

, g ^ l/*l(l|o'ft'«i|lia(r 1 ) + ll^i|| L 2 (ri) ) 2 < C(||*i||£a (ni) .||u x || ia( n + \\^2\\mn 2 )-\\u2\\mn 2 ) 

+ l0i|L 2 (r 1 )-|^ui| L 2 (ri) + I^U^r^.jMiliz^)). 

We denote now by 



(5.6) 



Ml = Aui 

V2 = U 2 
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that are form system (|5.3p solution of the following transmission boundary equation 



(5.7) 

We denote also by 
(5.8) 



Ay i = $1 + /i 2 ui in Oi 

Ay 2 + /-t 2 j/2 = — $2 hi ^2 

2/1=2/2 + Ui on 5" 

= <9„y 2 on 5 

yi = 4>i — i[iad v u\ on Li 

c^j/i = 02 + ijufaii on Ti 

y 2 = on T 2 . 



Zl = Alii — lyLtj-Ul 
Z 2 = Ml 



that are form system (|5 . 3[) solution of the following transmission boundary equation 



f Az X + \n\ Zl = $i 
Az 2 - \fl\Z2 = Zl 

1 

1 — [Zl — z 2 

m 



(5.9) 



in f2i 
in Q 2 

on S 



t— rC^i + d v z 2 = T-rdvU 2 on S 



z i = 4>i ~ i^ad^ui — \fi\ui on Ti 
k d v Zi = 4> 2 + ifj,bui - \n\d v u\ on T 1 . 



Noting that in the sequel we are using the notations of the previous section, and we denote 

henceforth h = - — :. We will now focus to the system (|5 . T[) . Let ipi = (^1,1,^1,2) ail d ip 2 = 
I A* I 

(^2,1) ^2,2) satisfying the conclusion of the section |U Let \i = (xi,i>Xi,2) and \ 2 = (x2,i),X2,2) 



two cutt-off functions equal to one in 

/ 



U B ( x i,h> 2e ) 

. fc=l,2 



V 



and 



and supported respectively in 



N,. h 



V ( 

U B(x k ltjl ,e) and |J B ( x lh> e ) 



( N 2 , k \ 

U 

. fc=l,2 

\» =1 / 



respectively 



(in order to eliminate 



fc=l,2 / fc=l,2 / 

\J1 = 1_ / \J2 = 1 / 

the critical points of the phases functions tpi and (p 2 ). 

Then for r = 1,2, where we are noting by y Ti \ = Xr,iVi an d Vr,2 = Xr,i2/2j we obtain from the 
system (|5.7p the following equation 

in ill 



(5.10) 



where 
(5.11) 



f Ay r ,i = * r> i 

Ay r , 2 + T2^2 = *r,2 hi 2 

2/r,l = 2/r,2 + «1 Oil S 

9 v y r ,\ = d v y r . 2 on 5 

J/r.i = 01 — i\iad v u\ on Ti 

J/r,2 = 02 + ifxbui on Ti 

, 2/r,2 = on r 2 , 



* r ,i = [A, Xr,i]yi + Xr,l-®1 + r^Xr,i-Ui in fii 



*r,2 = [A, Xr.l\y2 ~ Xr,2-$2 



in il 2 
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Applying now Carleman estimate of Theorem 14. II to the system (|5 . 1 0|) then for r = 1, 2 we obtain 

h\\o^ /h y r M\l HUrl) + h\\e^/^ 2 \\l 2{Ur2) + h 3 \\ C ^ h Vy rA \\h {UrA) 
+h 3 \\e^ h Vy r ,2\\l H u r , 2 ) + h z \^' h d v y r , 2 \l 2[s) < C(h^e^ h ^ rA \\ 2 L2{Uri} 
+h 4 \\c^'^ r , 2 \\h (Ur2) +h\o^' h Ul \l Hs) + h 3 \c^/^ Ul \ 2 L2{s] +h\e^ h 4 >l \l 2{Tl) 
+/ l V"' l/ V 2 |! 2( r l) + h-^e^^ad^W^ + h\e^ h b Ul \ 2 L2{ri) ). 

Then by the expression of ^Iv.i and vfv.2 in (jS.lip we get 

h\\e Vr - l/h Vr,i\\h(u rA ) + h\\e^-/ h y r M\h {Ura) + h 3 \\e^ h Vy rA \\h iUrA) 
+h 3 \\e^ h Wy r M\l HUr:2) +h 3 \e^ h d v y r>2 \l. {S) < C^K-^iHi,^) 
(5.12) H-^He^/^^lli,^^;, -h ^ 4 [|e^— ^[/X^^iJi/xlli.f^ -h ^ 4 1| e^—/^[^, ^a]^ ||i 3Ccr ^ s) 
+||e^ l/ V \\l HUr>l) + h\e^ h Ul \ 2 L2{s) + h 3 \e^V Ul \ 2 L2(s) + h^^ilh^ 
+h 3 \c^/ h cb 2 \ 2 L2{ri) + h-^ev^advmli^ + h\e^l h bui\ 2 L2{ri) ). 

We addition the two last estimates for r,k £ {1,2} and using the properties of phases (ip r ,k < <Pcr(r),k 

N r , k 

111 U B(x k ; jr ,2e)) then we can absorb the terms [A,x r ,i]yi and [A,Xr,2]y2 at the right hand side 

3r = l 

of (|5.12p into the le left hand side for h > small. Morever by the expression of y\ and y 2 in (|5.6p 
we obtain 



(5.13) 



^ e 2 Vl|1 /h + e 2 V2|1 /^ | Aui |2 da , + ft y ^&>i,*/h + e 2<p 2 , 2 /h^ 

+/i 3 y (e 2vil / h + e 2v2 - 1 / h ^)\Vy 1 \ 2 dx + h 3 J (e 2vi - 2 / h + e 2 ^-/ h ^j \Vu 2 
+h 3 J ^'J'+c^'/j \d u u 2 \ 2 Ax<c[h A J [e^/h + e 2 V2 ,,/h^ | $i 
+/t 4 / (c 2 ^ 2 /' 1 + e 2 ^' 2 /' 1 ) |$ 2 | 2 dx + / (e 2 ^^/' 1 + e 2 ^ 1 /' 1 ) |ui 



+fty (e 2 ^ 1 ' 1 /' 1 +e 2v2 ' l/ ' 1 ) \ Ul \ 2 dx + h 3 j (e 2lpl - l/h + c 2v2 - l/ ' 1 ) |V«i 



,2<pi,i/h , g2V2,: 



2 dx 
2 da; 

2 dx 
2 da; 
2 dx 
2 da; 



a|^wi| 2 da; + /i y (c 2vi . 1 /' 1 + e^ 2 - 1 /' 1 ) %i| 2 da; 



We will now focus to the system (|5.8[) . Let V'l.ij ^2,1, "01,2 and ^2,2 four phases as described 
in section Let X2,i, X1.2 and %2,2 four cutt-off functions equal to one respectively in 



Mi 



M 2 .i 



'Ml- 



'Mo 



|J B{y\ M ,2e) , MJ B(^ 2 ,2e) , MJ BG/^.JJe) and (J B(y 2 2 , i2 ,2e) and sup- 



Ji=i 



,«2=1 



Mi 



M 2| i 



'Mi,. 



ported in |J S^.e) , MJ B(|4,, a> e) , MJ B(tf th ,e) and J B(y 2 l2 ,e) re- 



Ji=i 



,ia=l 



Ji=l 



J 2 = l 



spectively (in order to eliminate the critical points of the phases functions ipi t i, ip2,i, $1,2 and 
^2,2)- 

Then for r — 1,2, where we are noting by z r .i = Xr,i 2 i and z Tt2 = Xr.i z 2, and we obtain from 
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the system (|5.8|) the following equation 



(5.14) 



Az r ,i + -ZrA = *r,l 

h 



in Qi 



where 
(5.15) 



Az, 2 - -z r ,2 = in ^i 

/iz ri i = z r> 2 on 5* 

hd v z r> \ + d v z r2 = hd v u 2 on 5* 

•Zr,i = <f>i — i^advUi — \n\u\ on Ti 

. 9 y 5 r! i = (f>2 + ipbu\ — \\x\d v u\ on T\, 



= [A,Xr,i]zi +Xr,i.$i in fii 



Applying now Carleman estimate of Theorem 14.21 to the system (|5.14[) then for r = 1,2 and by 
assumption (jl.2[) we obtain 

h 3 \\e^/»~ ZrA \\l 2{Vri) + /,||e^/^ r2 ||2 2(K2) +/» B ||e^/ h V^ 1 ||i a(Vril) + 

^||c^^' I Vz r , 2 ||| 2(Kj2) + h\ C ^ h S r , 2 \l 2{s) + h 3 \c^/ h Vz r , 2 \ 2 L2{s) 

< C(/ l 6 ||e^ 1 / /l $ r , 1 ||^ (Kl) + ^lle^/^ljl^ 2) + h 5 |e^ 1 / fc ^u a |i a(s) + 

ft|e^ l/h 0i|i 3{ri) + fcV-^&cro + ^ 1 |c^ l/ ' I a^ Ul |i 2(ri) + ft" V^^M^n))" 

Which by ([5J5]) we find 

'» 3 ||e^ l//, 2r,i|li a( v P . I ) + ^ll^ 2/ ' l ^2|li 2 (K, 2 ) + ^^-^2^1^ + 

(O.lDJ 

fcV" l/h &li»(rO + h- l \e^' h ad uUl \l, {Tl) + h-^e^HmM^). 

For the same reasons as previously we can absorb the terms [A,Xr,i]^i and [A,x r ,2]z2 at the right 
hand side of (|5.16|) to the left hand side by adding the two last estimates, namely we get 

2 dx 
2 dx 



+h 5 J (e 2 ^' h +e 2 ^' h )\Vz 1 \ 2 dx + h i (e 2 ^-l h + C 2 ^-l h ^\Vz 2 
+h J (e 2 ^/ h +e 2 ^ h ) \ Ul \ 2 dx + h 3 J (c 2 ^/ h + c 2 ^/ h ^ |Vui 

(517) <c(h 6 f Lw^/h + e w^/h\ | $1 |2 da . + /l 4 [ L^/h + e 2^/h\\ Zi 

+h- 1 f U 2 ^/ h + e^/A |ft,ui| 2 da: + h' 1 f U 2 ^/ h + e 2 ^/") b\u x 

+h 5 j ^.i/^+e 2 ^.!/^ \d v u 2 \ 2 dx 



2 dx 
2 dx 
2 dx 
2 dx 
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Then by the expression of z\ and z 2 in (|5.8p we can wite (|5.17p after multiplying by ft. 1 in the 
following form 



2 dx 



Hi 



(5.18) 



< C 



+h 4 j [e 2 ^' h + e 2 ^' h ) \V Zl \ 2 dx + h 2 J (e 2 ^l h + e 2 ^l h ) |Vz 2 
+ J (e 2 ^/ h +e 2 ^ h ) \ Ul \ 2 dx + h 2 J (e^A + e*.'/'') |V«i 
^ 1 , 1 /ft +e 2fe 1 /^ \^ dx + h s J (e 2 ^/ h + e 2 ^/ h ^j |Aui 
+ /* (e 2 ^ 1 /' 1 + e 2 ^.i/ fc ) 10! | 2 dx + ft 2 /" (c 2 ^/" + e 2 ^- 1 / 71 ) |0 2 
+h- 2 J (e 2 ^ h + e**».i/>^ o |0„«i| 2 da: + h~ 2 J (e 2 ^ h + e a *M/ fc ) b\ Ul 

By making the choise of the weight function as described in section U (in one hand ipx,i = ^1.2 
and if2,i = V'2,2 in ^1 and in an other hand tp±i = and if2,i — V'2,1 on the edge S) we get by 
combining (|5.13[) and (|5.18p that 



z dx 
2 dx 
2 dx 
2 dx 



h y (c 2 ^l h + c 2 ^- 1 /' 1 ) \ A Ul \ 2 dx + hj^ (c 2 ^' h + c 2 ^/ h ^ |ua 
~ k3 1 (z 2tpl ' 2/h +z 2tp '- 2,h ) \Vu 2 \ 2 dx + h 3 J (e 2 ^/ h + e 2 ^/ h ^)\d u u 2 



< C h 4 



Q 2 



|#1 
|$2 



(5.19) 



_|_ y ^ e 2yi,i//i _|_ e 2<p 2 ,i/h _|_ e 2tp lyl /h _|_ e 2V>2,i/^ |0 1 



e 2vi,i//i _j_ e 2tp 2 ,i/h _j_ e 2i/i lt i/h _|_ e 2^2,i/^ 



+ /" / e2vilI /fc + e a VaiI /fc + e 2tf ltI /fc + c 2^a/^ 6 | Ul 



2 dz 

2 d.T 
2 d.T 

2 dx 

2 d.T 

2 dx 
2 dx 



"dx 



Then we can absorb the two last terms in the left hand side of (|5.19p to the left hand side for h 
small to get 



(5.20) 



l|Aui||i a(ni) + IMIi 2 (n 2 ) + l|Vu 2 ||£ 2(n2 ) < Ce^^ll^xlH.^) + ||«Mi a(aa) + 
l^ili=(ri) + Ihll 2 ^) + / a\d u u 1 \ 2 dx+ %i| 2 d:r). 
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So that the combination of (|5.5p and (|5.20|) give us 

l|A M i|| 2 L2(0l) + |K||i 2(na) + llVualli,^,) < Ce^^rWl^ + ||<& 2 ||!=(n 2 )+ 
PilU^nO-IKIU^nO + p2||z,=(n 2 ).||w 2 |U2(n 3 ) + l^ill^ro + \h\ 2 L 2 {ri ) 
+ l0i|L2(r 1 )-l^ui| L 2 (ri) + |(/)2| L 2 (ri) .|ui| L 2 (ri) 

By Young inequality, Remark 12.11 and expressions of 4>\ and <f>2 in (|5.2p we get 

l|A^||| 2(ni) + ||V U2 ||| 2(n2) < C C c ' h (||$! ||£ a(0l) + ||$ 2 ||i a(na) + H/illl^no) 

Using the expressions of and $2 in (|5.2p we find 

(5.21) IIAuiHi^) + l|V U2 || 2 L2(f22) < Ce c ' h {\\F\\l + ||G||^ 

By (|5.2ip and the expression of v in (|5.3p we get 

IMI* < ll^llx + N 2 -IMI£ 2( Q) < Ce c / fc (||F||^ + IIGUl,) . 
Which by (|OT|) give us 

\\(u,v)\\ 2 n <Ce c / h {\\Ff x +\\Gf H ). 

In other words we have 

\\(u,v)\\ 2 H <Ce c / h \\(A-i»Id)(u,v)\\ H . 
Hence (.4 — i/ild) is injective then bijective in T> (A) and we have 

for large enough. 

A Appendix: Semi Classical analysis 

The aim of this section is to give some results from the semi-classical analysis which is an indispens- 
able means to prove the local Carleman estimates. We shall use of the notation (£) = (1 + |£| 2 )2. 
We denote by S m the space of smooth functions a(x, £, h) defined for h a semi-classical parameter 
in ]0, ho], that satisfy the following property: 

Va,/3eN'\ 3C a ^>0 |££cfa(z,£, h)\ < C at p(t) m -P; Vx,£ G R", V/i G]0, ho]. 
We define ^ m as the space of pseudo-differential operators (PDO) A; for a G 5™ and u G 5(M") by 

i4«(ar) := Op(a)( U )(x) - | ^ e*< x -^>a(*,£,/iM</)d</d£. 

For A a PDO we denote by a (A) his principal symbol. Our analysis is based on the use of the 
pseudo-diffential calculs thechniques, such as constraction of parametrices, composition formula, 
adjoint formula, etc. (we refert the reader to [H6r85, Mar02 ), in particular for a G S m and b G S m 
we have 

• Op(o) o Op(6) G W m+m ' such that 

(a$b)(x,Z,h) ~ V ^^aOr,^)^*,^), a! = ai!...a n ! 

|a|>0 
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• In particular, [Op(a), Op(6)] G hW n+m ' 1 and we have 

h h n 

cr([0p(a),0p(6)]) = -{a,b} = -^2d^a(x,^,h)d Xj b(x,^h) - d Xj a(x,£, h)d^b(x,^, h). 

• Op(a)* = Op(c) G * Tn such that cr(Op(a)*) = a and 

c(x,z,h)~ J2 %ri%8t< x >t> h )- 

z — ' i a). s 

|a|>0 

Now we introduce tangential symbols and associated operators. We set x = (x',x n ); x' — 
(x±, . . . , x n -\) and we denote by S™ the space of smooth functions a(x,^',h) defined for a small 
parameter h g]0, ho] that satisfy the following property: 
Vae N n ,P G N"" 1 , 3C a ,,j > such that 

\d£dl,a(x,Z',h)\ < C a , p (O m ~ p ; Vjer^'eiR"- 1 , Vhe]0,h }. 

As above we define ^J™ as the space of tangential pseudo-differential operators (TPDO) A; for 
a G S] n and u G 5(R") by 

Au(x) :=op t (a)(u)(x) - jfjf e^*' ~v' a(x, £ , h)u(y' , x n ) dy' d£' . 

For a G S 1 " 1 , b G S 1 ™ the composition formula for the tangential symbols is given by 
Mb)M,h)~ E ^d^a(x,e,h)d^b(x,e,h)eSr +m '. 

\a\>0 

We denote by Z>J™ the sub-space of where m G N, constitute of operators whose symbols are 
polynomial relative to the variable We denote by A s (resp. A*) the PDO (resp. TPDO) whose 
symbole is (resp. for s G K and we introduce the norme \\u\\ s = [A s u||o and the Sobolev 

space 

H s (R n ) = {u G L 2 (R") : ||u|| a < oo}. 

We shall denote by ( . , . )o the inner product for functions defined in {x n = 0} by (/, <?)o = 
(/; ff)_L 2 (R" - 1 ) an d the induced norme is denoted by |/|q. For s G R, we introduce \u\ s — |A|m|q. 
Follow to [Ma r02| we have the following resut of continuity of the PDO. 

Proposition A.l For s G R; if a G S m , then Op(a) : H s — > H s ~ rn continuously, uniformly in h. 
Follow to Kli Lemma 2.10] we have this technical result 

Lemma A.l If a G S™ and A G S~°° such that supp(a) n supp(A) = 0. Then we have 

opj(a) o Op(A) G p| h N y~ N and Op(A) o op t (a) G fc** - * 

wen weN 

Remark A.l According to [LR971 p. 486] we have for all j G N, there existe C > such that 

|u| an =o|j < Ch-*||u|| i+ i V«g ^(R"). 

We finish this part by the Garding lemma which is an importing tool for the proof of Carleman 
estimates. 

Lemma A. 2 If A £ fy m verifying that for some C > 

Re(o-(A))(x,£,h) > C(0" 1 G K, V£ G R™, Vh e)0,h ] 

where K is a compact subset in R". Then there existe C > such that for h\ > small enough we 
have 

Re(Op(o)u,u)£ a(R n) >C||«||^ Vii6? c °°(if), Vh€]0,hi]. 
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